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1. INTRODUCTION 
A Steiner quadruple system (or more simply a quadruple system) is a 
pair (Q, q) where Q is a set and q is a collection of 4-element subsets of 
Q (called blocks) such that every 3-element subset of Q is contained in 
exactly one block. The number j Q 1 is called the order of the quadruple 
system (Q, q) and it is well known that the spectrum for quadruple 
systems consists of all y1 = 2 or 4 (mod 6) [2]. A Steiner triple system (or 
triple system) is a pair (S, t) where S is a set and t is a collection of 3- 
element subsets (usually called triples) such that each pair of elements in 
S occurs in exactly one triple oft. As with quadruple systems, the order of 
the Steiner triple system (S, t) is the number I S 1 . It is well known that the 
spectrum for triple systems is the set of all IZ = 1 or 3 (mod 6). There is a 
natural connection between Steiner quadruple systems and Steiner triple 
systems. If (Q, q) is a quadruple system and x is any element in Q we will 
denote by Qz the set Q\{x} and the set of all triples (a, b, c} such that 
(x, a, b, c} E q by q(x). It is a routine matter to see that (Qa: , q(x)) is a 
triple system called a derived triple system (DTS) of the quadruple system 
(Q, q). The isomorphism classes of Steiner triple systems which are derived 
are largely unknown. For orders 1, 3, 7, and 9 there is only one triple 
system, so trivially such a triple system is derived. For IZ = 13, Hung and 
Mendelsohn have shown that both isomorphism classes are derived [5]. 
Lindner, using the generalized singular direct product, has constructed an 
infinite class of DTS’s [3]. What he has shown is the following. 
THEOREM 1. If (P, p) and (V, v) are derived triple systems then so is any 
generalized singular direct product 
t K v> x Q(q, P, (p, Od), where ((2, 4) = (f’, P) x W, U), (Z 0)) 
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and T = {I, 2, 3) with (T, 0) as the totally symmetric quasigroup on 
T = (2, 3). 
The purpose of this paper is to give certain further sufficient conditions 
under which a Steiner triple system is a DTS as well as a construction for 
embedding such triple systems into quadruple systems. 
2. SUFFICIENT CONDITIONS FOR A TRIPLE SYSTEM TO BE A DTS 
First, we give a simple construction for quadruple systems. Let (A, 63 
and (B, b2) be any two disjoint quadruple systems of order n and let 
A* = {A,, A, ,..., A,-,) and B* = (B,,B, ,..., B,-,I be any two I- 
factorizations of the complete graph K, based on A and B respectively. 
Let 01 be any permutation on {I, 2,..., n - 11. Now define a collection of 
blocks b on A u B as follows: 
(1) Any block in b, or b, belongs to b. 
(2) (x,y, z, w> E b if and only if [x, y] E Ai and [z, w] E Bj and 
i~ = j. Obviously, (A u B, b) is a quadruple system of order 2n. 
THEOREM 2. A Steiner triple system of order 2v $ 1 with a derived 
triple system of order v is itself derived. 
Proof. Let (S, t) be a triple system of order 2v + 1 with a derived 
subsystem (V, k) of order Y. Then every triple in t either lies completely in 
V or contains exactly one element of V. This induces a l-factorization 
A* = {A, , A, ,..., A,} of S\ V as follows: [x, y] E A, iff i E V and {i, x, y> E 1. 
Choose p $ S and let (V* = V’ u { p), k*) be a quadruple system such 
that (V, k) = ( V9*, K*(p)). Let A = (S\V, q) be any quadruple system 
and B” = {Bl, B, ,..., B,} be any l-factorization of V*, where Bi denotes 
the l-factor containing [i, p], for each i E V. Take 01 to be the itentity map 
on (1, 2, 3 ,..., v> and form the quadruple system given by the construction 
above. Then (S, t) is a derived triple system of this quadruple system. 
3. EXAMPLE 
There are 80 triple systems of order l&23 of which have subsystems of 
order 7. Theorem 2 guarantees that each of these 23 triple systems are 
DTS’s. We illustrate the construction given in Theorem 2 using Cole’s 
# 10 [l]: 
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1,2, 3 1,8,9 2, 13, 15 4, 11: 14 6, 9, 13 
1,4,5 1, 10,11 3, 8, 11 4, 12, 15 6, 10, 12 
1, 6,7 1, 12, 13 3, 9, 12 5, 8, 15 6, 11, 15 
2,4, 6 1, 14, 15 3, 10, 15 5, 9, 14 7, 8, 12 
2, 527 2, 8, 10 3, 13, 14 5, 10, 13 7, 10, 15 
3,4, 7 2,9, 11 4,‘8, 13 5, 11, 12 7, 10, 14 
3, 526 2, 12, 14 4,9, 10 6, 8, 14 7, 11, 13 
The subsystem (V, k) induces the following l-factorization of (8, 9, 10, 11, 
12, 13, 14, 15} = A 
A, = m 91, DO, 111, D2, 131,114, 1511; 
A, = iv: 101, t9, 111, w, 141, P3, 1511 
4 = m 111, t9, 121, PO, 151, [13, 141); 
4 = m 131, [99, 101, t11, 141, Cl% 1511 
A, = m, 151, [9, 141, PO, 131, [II, 121); 
4 = 0, 141, P, 131, DO, 121, [11, 1511 
4 = {[8, 121, 19, 151, PO, 141, [ll, 131). 
Let p = 0 and choose a quadruple system (B, b) on the set (0, l:..., 7) that 
contains (V, k): 
0, 1, 2, 3 0, 1, 4, 5 0, 1, 6, 7 0, 2, 4, 6 0, 2, 5, 7 
0, 394, 7 0, 3, 5, 6 1,2,4,7 122, 5, 6 1, 3, 4, 6 
1, 3, 5, 7 2, 3, 4, 5 2, 3,6, 7 4, 5,6,7 
Let Bl = W, II, P, 31, 14, 51, W, 71); & = W, 21, P, 31, [4, 61, [5, 711 
Ba = W, 31, L 21, f44,71, [5,61); B, = W, 41, D, 51, P, 61, [3,71) 
4, = {[O, 51,L 41, P, 71, [3> 611; B, = {P, 61, [I, 71, tZ 41, [3, 51) 
B, = {LO, 71, [I, 61, [2, 51, [3,4]} be any l-factorization of B. Let (A, n) be 
an arbitrary quadruple system on the set (8, 9, lo,..., 153: 
8, 9, 10, 11 8, 9, 12, 13 8, 9, 14, 15 8, 10, 13, 15 
8, 10, 12, 14 8, 11, 12, 15 8, 11, 13, 14 9, 10, 12, 15 
9, 10, 13, 14 9, 11, 12, 14 9, 11, 13, 15 10, 11, 12, 13 
IO, 11, 14,15 12,13, 14, 15 
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We then construct a quadruple system by first taking the blocks of (A, a) 
and (II, b) listed above and constructing the remaining blocks as follows: 
From B, and A,: 
0, 1, 8, 9 0, 1, 10, 11 0, 1, 12, 13 0, 1, 14, 15 
2, 3, 8, 9 2, 3, 10, 11 2, 3, 12, 13 2,3, 14, 15 
4, 5, 8,9 4, 5, 10, I1 4, 5, 12, 13 4, 5, 14, 15 
6, 7, 8, 9 6, 7, 10, 11 6, 7, 12, 13 6, 7, 14, 15 
B,,A,: 
0, 2, 8, 10 0, 2, 9, 11 0, 2, 12, 14 0,2, 13, 15 
1, 3, 8, 10 1, 3, 9, 11 1, 3, 12, 14 1, 3, 13, 15 
4, 6, 8, 10 4, 6, 9, 11 4, 6, 12, 14 4, 6, 13, 15 
5, 7, 8, 10 5, 7, 9, 11 5, 7, 12, 14 5, 7, 13, 15 
&,A,: 
0, 3, 8, 11 0, 3, 9, I2 
1, 2, 8, 11 1,2, 9, 12 
4, 7, 8, 11 4, 7, 9, 12 
5, 6, 8, 11 5,6,9, 12 
0, 3, 10, I5 0, 3, 13, 14 
1, 2, 10, 15 1,2, 13, 14 
4, 7, 10, 15 4, 7, 13, 14 
5, 6, 10, 15 5, 6, 13, 14 
&,h: 
0, 4, 8, 13 0, 4, 9, 10 0,4, 11, 14 0, 4, 12, 15 
1, 5, 8, 13 1, 5, 9, 10 1, 5, 11, 14 1, 5, 12, 15 
2, 6, 8, 13 2, 6, 9, 10 2, 6, 11, 14 2, 6, 12, 15 
3, 7, 8, 13 3, 7, 9, 10 3, 7, 11, 14 3, 7, 12, 15 
0, 5, 8, 15 0, 5, 9, 14 0, 5, 10, 13 0, 5, 11, 12 
1, 4, 8, 15 1, 4, 9, 14 1, 4, 10, 13 1, 4, 11, 12 
2, 7, 8, 15 2, 7, 9, 14 2, 7, 10, 13 2, 7, 11, 12 
3, 6, 8, 15 3, 6, 9, 14 3, 6, 10, 13 3, 6, 11, 12 
B,>A,: 
0, 6, 8, 14 0, 6, 9, 13 
I, 7, 8, 14 1, 7, 9, 13 
2, 4, 8, 14 2, 4, 9, 13 
3, 5, 8, 14 3, 5, 9, 13 
0, 6, 10, 12 0, 6, 11, 15 
1, 7, 10, 12 1, 7, 11, 15 
2,4, 10, 12 2,4, 11, 15 
3, 5, IO, 12 3, 5, 11, 15 
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0, 7, 8, 12 0, 7, 9, 15 0, 7, 10, 14 0, 7, 11, 13 
1, 6, 8, 12 1, 6,9, 15 1, 6, 10, 14 I, 6, 11, 13 
2, 5, 8, 12 2, 5, 9, 15 2, 5, 10, 14 2, 5, II, 13 
3, 4, 8, 12 3, 4, 9, 15 3,4, 10, 14 3, 4, 11, 13 
The above collection of blocks forms a quadruple system (Q, 4) with the 
original triple system (S, t) as a derived system; i.e., (S, t) = (Q,, , q(O)). 
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